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In the classical literature, there are numerous discussions of divisors 
with degree n and projective dimension >r on a smooth curve of genus g. 
Brill and Noether [3, pp. 290-2931 were probably the first to assert in 
effect that these divisors form a set H,’ whose components each have 
dimension exactly T + r, with 7 = (r + l)(n - r) - rg, if the curve 
has general moduli. Their argument, however, seems to show only that 
each component has dimension 3 T + I no matter what the moduli are, 
provided one such divisor does exist [16, Remark 6, p. 1681. Such 
divisors are supposed to exist for 7 > 0, but the existence was proved 
only recently (in [lo, 181 f or r = 1 and the complex numbers, and in 
[ 13, 15, 161 for r > 1 and an arbitrary algebraically closed ground field). 
Moreover, it was recently proved [17] that the set H,’ does have at least 
one component with dimension 7 + r for r = 1,2,3 and the complex 
numbers, if the curve has general moduli. Of course, there are special 
cases in which H,’ has dimension >T + r, for example, a hyperelliptic 
curveofgenus >3forn=2andr= 1. 
The goal (Theorem 5.3) of this article is a reduction of the above 
assertion of Brill and Noether to the following concrete geometric 
conjecture. 
Conjecture. The [n - r - II-planes intersecting g general secants 
of the smooth rational curve with degree n in projective n-space are 
parameterized by a (closed) subset T of the grassmannian with 
dim(T) ,< 7, with T = (r + l)(n - r) - Yg. Moreover, those 
[n - r - II-planes which in addition contain d or more of the secants 
are parameterized by a (closed) subset with dimension <T - (r + 2)d. 
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The reduction follows some of the broad lines of Severi’s “proof” 
[23, Anhang G, Sect. 8, pp. 380-3901 of Brill and Noether’s assertion. 
Severi uses the first part of this conjecture, which he considers to be a 
fact. He says [23, very bottom of p. 3811 that it holds because (1) the 
[n - r - II-planes intersecting g general lines in n-space form a set 
whose components each have dimension 7 (this statement is true and 
easy to verify) and (2) the g general lines can be deformed continuously 
into the g secants, and during such a deformation the set of corresponding 
[n - r - II-planes traverses the entire grassmannian, which is irre- 
ducible. Later, in a discussion of a related argument of Castelnuovo’s 
[4], the same first part of the conjecture comes up again, and Severi 
says [23, next to the last paragraph on p. 3931 that it holds because the 
[n - r - l]-planes intersecting g variable lines form an irreducible set. 
(This statement is easy to verify along the lines of (2) above, but how 
does it imply the first part of the conjecture ?) 
The conjecture is discussed by Dan Laksov in the Appendix. The 
second part of the conjecture is shown to follow from the first part with 
n - 2d for n and g - d for g. Also, the conjecture is established for 
r = 1. Thus, for r = 1, Brill and Noether’s assertion is completely 
proved below. This is the most important case of their assertion, and the 
proof gives the general flavor of our adaptation of Severi’s argument. 
In the Appendix it is proved, moreover, that for r = 1 and characteristic 
zero, the components of T each appear with multiplicity one, and that 
consequently, as Castelnuovo [4] asserted (cf. [16, p. 164]), on a curve 
of genus g with general moduli the number of distinct linear series g,l 
with 2(ti - 1) = g is exactly g!/(g - n + l)! (g - n + 2)! These two 
assertions also can be established in other ways. For example, they are 
simple consequences of the following fact, which was pointed out by 
M. Artin in a conversation: The functor of n-fold coverings of PZ1 is 
unobstructed and has relative dimension 2n + 2g - 5. 
Severi’s “proof” 123, pp. 381-3831 of the key inequality, dimHnf < 
T + Y, runs roughly as follows. The curve with general moduli X is 
degenerated into a rational curve Y with g nodes x1,..., xg . By upper 
semicontinuity of dimension, it suffices to prove the corresponding 
inequality for Y. Let Y’ denote the normalization of Y, embedded with 
degree n in n-space. A divisor with degree n on Y defines a hyperplane 
section of Y’. If the divisor contains the ith node xi , then the hyperplane 
contains the two points yi , zi lying over xi . Hence an r-dimensional 
linear series of divisors with degree n defines an r-parameter linear 
family of hyperplanes whose axis, an [n - Y  - l]-plane, meets the g 
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secants yrxr ,..., ygzn of Y’. Finally, the first part of the conjecture yields 
the inequality. 
There are two main difficulties. First, many different divisors on Y 
give rise to the same divisor on Y’. This matter is considered in Sections 
2 and 3 below, and it turns out that the set of linear series on Y giving 
rise to the same family of hyperplanes has dimension <d if the axis 
contains <d of the g secants. This bound is adequate if the second part 
of the conjecture is assumed (see the proof of (5.1 a)). 
The second difficulty is that specializing a divisor on X need not yield 
a divisor on Y; the variety of divisors on Y is not complete. Therefore, 
in Sections 3 and 4 there is developed a theory of “r-special” subschemes, 
ones with “projective dimension” >Y. Section 4 is especially concerned 
with r-special subschemes that are not divisors. In particular, 
Theorem 4.6 implies that the set of r-special subschemes with degree 
n on Y that are not divisors at the ith node xi may be canonically identified 
with the set HL-, of r-special subschemes with degree n - 1 on the 
curve Yi constructed from Y by normalizing at xi . By induction on n 
or g, the set Hi-, may be assumed to have dimension <T -j- r - 1. 
Consequently, the set H,’ of r-special subschemes with degree n on Y 
has dimension <r + Y, and hence, so does the original set H,’ of 
r-special divisors with degree n on X, if the full conjecture is assumed. 
It remains to prove that each component of the set H,’ of r-special 
divisors with degree n on X has dimension >T + Y. This is relatively 
easy to do (see the proof of Theorem 5.3). The principal step is carried 
out in Section 1 for an arbitrary Gorenstein curve using an abstract 
version of Brill and Noether’s argument. Curiously, Severi [23, pp. 
384-3871 works equally hard on this estimate as on the other. 
Blanket notation. Whenever D is a closed subscheme of a scheme, 
its sheaf of ideaIs will be denoted f(f)). 
Whenever X is an S-scheme and s is a point of S, the fiber of X over 
Spec(k(s)) will be denoted X(s). 
I. THE SUBSCHEME PARAMETERIZING THE Y-SPECIAL SUBSCHEMES 
OF A FAMILY 
DEFINITION 1.1. Let k be a field and X be a projective k-scheme. 
Let C be a closed subscheme of X. Set 
r(C) = dim, Horn&(C), 0,) - 1 
(= dim, H”(X, Homox(l(C), 0,)) - l), 
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i(C) = dim, Ext&Jl(C), 0,) 
(= dim, W(X, Hom+(l(C), 0,)) if C is a divisor). 
(Suppose C is a divisor. Then, of course, r(C) is called the projective 
dimension of C, and i(C) is called the index of specialty of C if X is a 
curve and the superabundance of C if X is a surface.) Let us call C 
r-special, for an integer r 2 0, if r(C) 3 r holds. 
LEMMA 1.2. Let p: X -+ S be a projective morphism of locally 
noetherian schemes. 
(i) Let F be a coherent Ox-Module, flat over S. Then there exists 
a coherent Os-Module Q(F) an d an element q(F) in HO(X, F @p*Q(F)) 
such that the Yoneda map, 
YW)) : Hom(QP), M) -, ffO(X, F 0 p*M) 
is an isomorphism for each quasi-coherent Os-Module M. (In other words, 
the pair (Q(F), qP’N P re resents the functor, MI+ H”(X, F @p*M), on 
the category of quasi-coherent Os-Modules.) Moreover, the formation of 
the pair (Q(F), q(F)) commutes with base change. 
(ii) Let F and G be coherent Ox-Modules, F flat over S. Then there 
exists a coherent O,-Module H(G, F) and an element h(G, F) in 
Hom(G, F @p*H(G, F)) such that the Yoneda map, 
y(h(G, F)) : Hom(H(G, F), M) + Hom(G, F 0 p*M), 
is an isomorphism for each quasi-coherent OS-Module M. Moreover, the 
formation of the pair (H(G, F), h(G, F)) commutes with base change. 
(iii) Let F and G be coherent O,-Modules, F be pat over S, and G be 
locally free. Let M be an invertible O,-Module. Then there exist canonical 
isomorphisms, 
H(G, F) = Q(Hom(G, F)), 
Q(F @p*M) = Q(F) @ M-l. 
Proof. The second formula of (iii) obviously holds. The remaining 
assertions are discussed in [2, (12), (13), (14)]. The existence of 
(Q(F), q(F)) and (H(G, Fh h(G, FN and the commutativity with base 
change are virtually proved in [9, EGA III,, 7.7.6, 7.7.8, and 7.7.91. 
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(1.3) Let p: X-t 5’ be a flat, projective morphism of locally 
noetherian schemes. Let D be a closed subscheme of X, flat over S. 
Fix an integer r > 0. 
DEFINITION. The closed subscheme of S, defined by the (r + 1)st 
Fitting ideal [21, Sect. 5, p. 1141 of H(I(D), 0,) (see Lemma 1.2(ii)), will 
be denoted by 
[S; D, X]’ or [Sl’- 
PROPOSITION. (i) The underlying set of [S]’ consists of those s E S such 
that D(s) is an r-special subscheme of X(s). 
(ii) The formation of [S]’ commutes with base change. 
Proof. The formation of [S]r commutes with base change because 
the formations of a Fitting ideal [21, 5.1(a), p. 1141, of an H(G,F), and 
of the ideal of a flat subscheme all do. It is now a straightforward matter 
to verify that [SJ’ has the described underlying set by reducing first to 
the case that S is Spec of a field. 
PROPOSITION 1.4. Let p: X + S be a JEat, projective morphism of 
locally noetherian schemes. Let T be a scheme proper over S and D be a 
closed subscheme of X xs T flat over T. Fix an integer r 3 0. Then the 
function, 
s rt dim[T(s); D(s), X x s T(s)]', 
is upper semicontinuous on S. 
Proof. The assertion results from the theorem on the upper semi- 
continuity of the dimensions of the fibers of a proper morphism because 
[T; D, X x T]” is, by (1.3), a closed subscheme of T, whose formation 
commutes with base change. 
THEOREM 1.5. Let p: X --+ S be a fiat, projective morphism of locally 
noetherian schemes. Let D be a closed subscheme of X, $at over S. Fix an 
integer r > 0. 
(i) Assume D is a divisor. Then, for each s E [S]‘, there is an upper 
bound on the codimension of [S]’ at s, namely, 
codim,([S]‘, S) < r(r - r(D(s)) + i(D(s))). 
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(ii) Assume the $bers X(s) are Gorenstein curves of arithmetic 
genus g such that HO(O,(,)) = h( ) s an assume the Jibers D(s) have degree d 
n (that is, n = dimHO(O,(,)) holds). Then there is an upper bound on the 
codimension of [SIT valid at every s E [Sir, namely, 
codim,([S]‘, S) < r(r - n + g). 
(Note that, by Riemann’s theorem, parts (i) and (ii) give the same bound 
when they both apply.) 
Proof. (i) Th e inclusion map, U: I(D) --+ OX, corresponds to a map, 
v: H(I(D), 0,) -+ OS. 
For each s E S, the fiber u(s) is nonzero and it corresponds by the 
Yoneda map (see Lemma 1.2(ii)) to the fiber v(s); hence, v(s) is nonzero. 
So v(s) is surjective because its target is k(s). Therefore, by Nakayama’s 
lemma, v is surjective. 
Since D is a divisor, I(D) is invertible. Hence, by Lemma 1.2(iii), 
there is a canonical isomorphism, 
H(I(D), Ox) = Q(L), with L = Hom(l(D), 0,). 
Fix s E S, and let K’ be a finite cohomology complex for L at s. It is a 
complex of free Modules on an affine neighborhood U of s, accompanied 
by an isomorphism, 
W(K’ @ M) = H”(p-w, L @ p*M), 
which is functorial in the quasi-coherent O,-Module IM. (Its existence 
is established in [20, 6.10.5, p. 411 as well as in [9].) Then there is an 
exact sequence, 
K1* -+ K"* -+ Q(L)+O, 
where K1* and K”* denote the dual Modules. Assume the complex K’ 
is minimal at s, so that the following relation holds: 
rank(@) = dimlc(,)(Hi(L(s))). 
Let R be the Kernel of v. Then splitting off direct summands from 
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Q(L) and KO*, shrinking U about s if necessary, yields an exact sequence 
on U, 
K’” & W-+R-+Q, 
and W is free with rank r(D(s)) and K1* is free with rank i(D(s)). Clearly, 
[S]’ n U is the scheme of zeros of A” w  with a = r(D(s)) - r, or empty 
if a < 0. It is well-known (see [14, Corollary 111) that a zero set of this 
sort has codimension <‘r(i(D(s)) - a). 
(ii) Since X/S has Gorenstein fibers, it has an invertible dualizing 
sheaf w  [ll, Exercise 9.7, p. 298-j. Then the natural sequence, 
is exact and has all terms flat over S. So there is a derived exact sequence, 
P*w ~p*cu@oD- R’p,w @I(D) - R1&w ----+ 0. 
Its formation commutes with base change; moreover, the first and 
second terms are locally free with ranks g and n, and the fourth term is 
equal to 0, . 
Indeed, the second term is locally free with rank n and its formation 
commutes with base change because w  @ 0, is flat over 5’ and its 
support D is finite over S with degree n. The formation of the third and 
fourth terms commutes with base change because the fibers of p are 
curves (see [19, Corollary I, p. 511). The trace map carries the fourth 
term isomorphically onto 0, because its formation commutes with base 
change and by virtue of the hypotheses it is an isomorphism on fibers. 
Finally, the first term is therefore locally free and its formation therefore 
commutes with base change by [19, ( ii, iii), p. 511; it has rankg because 
it does on the fibers. 
For each s E S, duality [I 1, Remark 2, p. 214; 1, (1.3), p. 51 yields 
HO(X(s), w 0 I(s)) = Homox,JI(s), OX(~))* 
because w  is invertible and its formation commutes with base change. 
It follows now that the underlying set of [S]’ consists of the zeros of 
Am+ M. (More work yields this scheme-theoretically.) Therefore, [S]’ 
has codimension ,<r(g - n + r) in S at s. 
Remark 1.6. Theorem 1.5(ii) will be used only for a constant family 
XjS; that is, X will arise by base change from a curve X0 over a field. 
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In this case, w  can be taken directly as the pull-back of the dualizing 
sheaf on X,, , and the duality theory that is needed comes directly from 
that for X, (as presented in [I], for example). 
2. THE MAP BETWEEN THE SCHEMES OF EFFECTIVE DIVISORS 
PROPOSITION 2.1. Let f: X’ -+ X be a morphism of schemes, flat and 
projective over a locally noetherian base scheme S. Assume the associated 
points of the fibers of X’jS are carried to associated points of the fibers of 
X/S. 
(i) The morphism f induces a well-deJined S-morphism on the schemes 
of eflective divisors, 
j*: Divtxis) + Divtxjis) . 
(ii) If there is an open subset U of X such that the restriction, 
f-‘U + U, is an isomorphism, then the open subscheme Div(v,s) of Divfxis) 
is the full inverse image of the open subscheme Divcj-lv,s) of Divtxf/S) and 
the restriction off + is an isomorphism. 
Proof. (i) Let T be a locally noetherian S-scheme and D be a 
relative effective divisor on X x T;T. It is necessary to prove that the 
subscheme fT*D of X x T/T is a relative (effective) divisor. Now, a 
fiber (fr*D)(t) is obviously equal to the inverse image f=(t)*D(t), so it 
is a divisor by [9, EGA IV,, 21.4.4, ] ii in view of the hypothesis about 
associated points. Furthermore, fr*D is obviously defined locally by 
one equation, and X x T/T is flat. Hence, fr*D is a relative divisor by 
[l, VIII, 4.1, p. 1421. 
(ii) The assertion is obvious. 
LEMMA 2.2. Let f: X’ -+ X be a morphism of schemes that are flat 
and projective over a locally noetherian base scheme S. Assume that the 
associated points of the fibers of Xl/S are carried to associated points of the 
jibers of X/S. Assume Xl/S isJEat. Assume the formation off *O,t commutes 
with base change. Assume the comorphism, 0, -+ f*O,, , is universally 
injective (it will be thought of as an inclusion). Fix a relative eflective 
divisor D on X/S. 
(i) There exists a natural map @from the set of relatively gective 
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divisors A on X/S satisfying f*A =f*D into the set I’,(X, fxOfr/Ox*) 
of global sections with supports in D (where, as usual, * indicates the subsheaf 
of invertible elements). 
The map @ is compatible with base change, and it is universally injective. 
(ii) Assume the following relation holds: 
W) . rD(x f*oxm) = 0. 
Then the map @ in (i) is universally bijective. 
Proof. Fix x E X. Fix a local defining element a E Ox,, for D at x. 
Let A be a relative effective divisor on X/S satisfying f *A = f*D and 
fix a local defining element 01 E O,,, . The subschemes f *A and f *D are 
divisors by Proposition 2.1(i); hence, 01 and a are nonzero divisors in a 
neighborhood of f-l(x), and so they belong to (f*d$), , where J&T , 
denotes the sheaf of meromorphic functions on x’. The exact sequence 
(induced by the inclusion of O$ into J?~,), 
0 -f*O$ --, f*AZ, -f*(*x;,/o;,), 
now shows that there exists a unique element u E (f.+O$), such that 
a: = &!a 
holds. Since a: and a are determined up to elements of O;,z, the class in 
(f*O$j,~O,*), of u is well-determined by d (with D fixed). It is evident 
that, as x varies, these classes form an element @(A) of r(X, f*O$,jO,*) 
and that the formation of G(d) f rom d commutes with base change. 
Suppose x 6 D. Then a is a unit. Hence u lies in the intersection, 
(f*O.aL n ox,z . 
This intersection is equal to O$,z because f*O,, is a finite Ox-Module 
asfis projective. Thus u lies on OS,, . (Specifically, an integral equation 
for u-l yields an expression for u-i as a polynomial in u.) Therefore 
@(A), which is defined by u at x, has support in D. 
Obviously, u determines a: if a is fixed, and so the class in 
(f*O,*t/O,*), of u determines I(Jz as D is fixed. Therefore, the map @ 
sending d to Q(d) is injective, and so universally injective. 
Assume the relation in (ii) holds. Take an element, 
s E l-,(X, f*o$,/o,*). 
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At x, represent s by an element u of (f*O$), . Set 01 = ua. The relation 
in (ii) implies that 01 lies in O,,, . Obviously 01 is a nonzero divisor there. 
Obviously a: is determined up to an element of O:zzVby s and D. So, as 
x varies, the corresponding 01’s define an effective divisor d, on X. 
Obviously the formation of d, from s and D commutes with base 
change. In particular, d, remains a divisor after base change. Hence d, 
is a relative effective divisor. Obviously @(A,) is equal to s. Thus @ is 
surjective. Obviously the relation in (ii) is stable under base change 
because the formation off,O,* commutes with base change. Therefore 
Cp is universally surjective, and so universally bijective. 
Remark 2.3. The map @ of Lemma 2.2(i) is easily proved compatible 
with the passage to invertible sheaves in the sense expressed by the 
formula, 
0x(4 = WV)) 0 0x(4 
where 6: r(X,f,O$/O,*) --t W(X, Or*) is the boundary map (or its 
negative). 
THEOREM 2.4. Let X be a reduced, projective curve over a $eld k. 
Let f: X’ + X denote the normalixation map. 
(i) The map f induces a well-defined, birational map between the 
schemes of eflective divisors, 
f *: Divtxik) + Div(x,,k) . 
(ii) Let D be an esective divisor on X whose support contains exactly 
d (d > 0) nodes (that is, rational ordinary double points) and no other 
singularities. Then there is a canonical isomorphism of k-schemes, 
(f*)-‘f*(D) = G;‘. 
Proof. (i) The hypotheses of Proposition 2.1 are obviously satisfied, 
with U taken to be the set of normal points of X. So f* is well-defined, 
and it is birational because the open subschemes DivtU,,) of Divtxlk) and 
Div(f-lVIk) of DivcxJlk) are, obviously, dense. 
(ii) The comorphism, 0, --+ f*O,, , is injective by construction. 
So it is universally injective and the formation of f*O,f commutes with 
base change because every base change is flat since k is a field. The 
relation, 
V) . r&F f*WW = 0, 
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holds because the annihilator of the Or-Module f*Oxr/Ox is equal to 
the maximal ideal at a node of X and it is equal to 0, at a simple point 
of X. The remaining hypotheses of Lemma 2.2 are obviously satisfied. 
Rephrased, Lemma 2.2 asserts that, for each locally noetherian K- 
scheme T, the T-points of (f*)-‘f*(D) may be T-functiorially identified 
with the set, 
It remains to identify this set functorially with the set F(T, Or*)X7 of 
T-points of Gg. 
Let x be a node of X, and y, x the two points of X’ lying over it. 
The natural maps, Ox* + k(y) and 0,~ --f k(z), clearly induce an 
isomorphism of sheaves of algebras 
which carries 0,/1(x) onto the diagonal. Hence there is an isomorphism, 
(u/T): (f*O$jo,*) r k(x)*. 
induced by dividing the values of u by those of 7. Clearly, this con- 
struction is compatible with base change, yielding, for each K-scheme T, 
an isomorphism, 
(~r/~r): (jr)* 0$/o g 9 Gxr , 
which is compatible with further base change. Putting together the Y 
such isomorphisms, one for each node in the support of D, yields the 
functorial identification sought on global sections. 
3. THE LINEAR MAPS COVERING THE MAP BETWEEN 
THE PICARD SCHEMES 
LEMMA 3.1. Let X be a jlat, projective scheme with geometrically 
integral jibers and a fixed section over a locally noetherian base scheme S. 
(i) The Picard scheme P = PiccxlS) exists and is a quasi-projective 
S-scheme, locally of finite type. 
(ii) The product X x s P carries a Poincare (or universal invertible) 
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sheaf L, which is unique when normalized by being made trivial along the 
section of X x s P/P induced by the section of X/S. 
(iii) Referring to Lemma 1.2(i), set E = Q(L). Then there exists a 
canonical isomorphism of P-schemes, 
Div(xls) = P(E). 
(iv) The universal divisor on X xs Div(x,s) corresponds to the 
section of the tensor product of the pull-backs of L and O,(,)(l) determined 
(see Lemma 1.2(i)) by the fundamental surjection, EPtD) -+ Op& 1). 
Proof. Proofs are outlined in [8]. Detailed proofs for generalizations 
of (iii) and (iv) are given in [2, (15)]. 
PROPOSITION 3.2. Keep the setup of Lemma 3.1. Fix an integer r > 0. 
Let P, denote the subscheme of P = Pic(x,s) de$ned by the (r + 1)st 
Fitting ideal of E = Q(L). 
(i) There exists a canonical isomorphism of P-schemes, 
CDivod = WE I PA- 
(ii) The structure map of the P-scheme Grass,+,(E) factors through 
a surjection, 
Grass,+,(E) - P, , 
which is an isomorphism exactly over (Pr - Pr+l). 
(iii) Let F denote the universal quotient of E on Grass,+,(E). The 
natural map from P(F) into P(E) = D iv(x,s) factors through a surjection, 
V) -+ Pivwdr~ 
which is an isomorphism exactly off [Div(x,sj]r+r. 
Proof. (i) It is easy to see that [Div(x,sj]r is defined by the (r + 1)st 
Fitting ideal of Q(L XXP(E)) @ OPcE)(- 1) by using the definition in (1.3), 
the description in Lemma 3.l(iv) and both formulas in Lemma 1.2(iii). 
On the other hand, l!?(E 1 Pr) is the fiber of [FD(E) over P,.; so it is defined 
by the (r + 1)st Fitting ideal of Q(L XX$(E)) because the formations of a 
Fitting ideal and of a Q(F) commute with base change. Finally, the two 
(r + 1)~ Fitting ideals are obviously equal. 
(ii) The (r + 1)st Fitting ideal of the pull-back of E to Grass,+,(E) 
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is obviously zero. Hence the structure map factors through a map, 
Grass,+,(E) --+ P, . This map is surjective because its fiber over a point 
m E P, is equal to Grass,+,(E(rr)) and dim(E(rr)) is at least r + 1. For a 
similar reason, the map cannot be bijective at any point of Pr,, . Finally, 
the map is an isomorphism over (Pr - Pr+J because the restriction 
of E is locally free with rank r + 1. 
(iii) The assertion follows easily from (i) and (ii) with the aid of 
some obvious general facts. 
PROPOSITION 3.3. Let X and X’ be flat, projective schemes with 
geometrically integral fibers and fixed sections over a locally noetherian base 
scheme S. Let f: X’ -+ X be an S-morphism compatible with the sections. 
Assume the formation of f*O,l commutes with base change and the comor- 
phism, 0, -+ f*O,T , is universally injective. Let P, L, E and P’, L’, E’ 
denote the Picard schemes; the normalized Poincare sheaves, the associated 
sheaves (see Lemma 3.l(iii)) for X and X’. 
(i) There exists a natural surjection of O,-Modules, 
u: EL-t E. 
(ii) The “linear” map, P(E) -+ P(E’), defined by u is equal to the 
map f * between the schemes of divisors. 
(iii) Fix an integer r > 0. Let F and F’ denote the universal quotient 
bundles on Grass,+,(E) and Grass,+,(E’). The surjection u yields the 
following diagram, in which the horizontal maps are closed embeddings: 
WY l P(E’) x p Grass,+,(E’) 
4 4 
I I 
P(F) ---f IFP(E) x p Grass,+,(E) - p(E) x p’ Grass,+,(E). 
Proof. (i) The pull-backs of L and L’ to X’ xs P are equal. So 
the natural map, L -+fp*fp*L, may be rewritten as 
There is induced, for each quasi-coherent O,-Module M, a map, 
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which is functorial in M. Hence, by Yoneda’s lemma, this map of 
functors is represented by a map u into Q(L) = E from Q(L;,xp). 
The latter module is equal to EIP by compatibility with base change. 
It is easy to see that the Cokernel of u will be zero at a point 72 E P 
if the induced map, 
Hom(QW 0 44,&N -+ Hom(Q(L',d 0 4d, @-I), 
is injective. This map is clearly equal to the map on global sections of 
the natural map, 
Hence all these maps are injective because the comorphism of fr is 
injective, in view of the hypotheses, and L is locally free. 
(ii) The assertion is obvious from the description of the universal 
divisor in Lemma 3.l(iv) and the construction of u in (i) above. 
(iii) The assertion is elementary. The second map on the bottom 
arises from the embedding of Grass,+,(E) into Grass,,,(E’,), and the 
latter scheme is equal to Grass,+,(E) x p’ P. 
(3.4) Let X be a rational (integral) projective curve with g nodes over 
a field k. Let f: X’ -+ X denote the normalization map. Fix compatible 
(rational) base points on X’ and X. Let P, L, E and P’, L’, E’ denote the 
Picard schemes, the normalized PoincarC sheaves, the associated sheaves 
(see Lemma 3.l(iii)) for X and X’. The Picard schemes decompose into 
disjoint unions of connected components P, and PA , which parameterize 
the invertible sheaves of degrees n. 
The normalization x’ is isomorphic to Pl. Hence, Pk is a single 
point, L’ ( X’ x PA is isomorphic to O,,(n), and (E’ [ PL)* is isomorphic 
to r(Op+z)). F ix 12 > 1. Then there is an isomorphism, 
IFP((E’ 1 I’;)*) = W. 
The canonical surjection, E’$,, I --f L’, then defines a closed embedding, 
X’ -+ P, 
and it is not hard to see using the description (Lemma 3.l(iv)) that the 
pullback of the universal hyperplane on lFDn x P(E’ 1 Pk) is equal to the 
universal divisor with degree n on X’ x lF’(E’ / Pk). Hence the map 
from 5fE 1 P,) into B(E’ 1 Pk) defined by the natural surjection, 
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U: EPf -+ E, (see Proposition 3.3(i, ii)) may be thought of as carrying 
divisors on X to hyperplanes in [Ip”. 
Fix r > 0. There is a canonical isomorphism, 
Grass,+l(E’ / P,‘) r; Grass,+.-,(W). 
It carries an (n - r)-dimensional subspace Y of E’ 1 FL to the 
(n - r - I)-plane P( V*) in V. Preceding it with the map defined by the 
natural surjection, U: ET,< -+ E, (see Proposition 3.3(i)) yields this very 
important map: 
y: Grass,+,(E ) P,) -+ Grass,+.-,(lY). 
Let x1 ,..., xB be the nodes of X, and yi , .zi the two points of X’ lying 
over Xi . Let Mi denote the line in pn determined by yi and zi . 
THEOREM. (i) The image of Grass,+,(E / P,) under y lies in the 
subscheme of Grass,-,-r(W) parameterizing the [n - r - II-planes 
meeting the g secant lines Ml ,..., Mg . 
(ii) Let N be an [n - 7 - II-plane meeting Ml ,..., MB but con- 
taining at most d(d > 0) of them. Then there is an upper bound, 
dim(y-l(N)) < d. 
Proof. For clarity, the proofs implicitly assume there are enough 
rational points, planes, etc. However, it is evident that the ground field 
may be assumed algebraically closed without loss of generality. 
(i) Consider an [n - 7 - II-plane N in the image. It is easy to 
see using the description above of the map from P(E [ P,) into P(E’ 1 PA) 
that each hyperplane containing N comes from a divisor on X. Hence, 
if the hyperplane contains yi , it also contains xi because the divisor 
must contain x, . Therefore the linear span H of N and yi contains zi . 
So H contains Mi . Since the codimension of N in H is at most one, 
N meets Mi . 
(ii) There exists a hyperplane H containing N but containing 
at most d of the Mi . Obviously any divisor on X mapping to H can 
contain at most d of the xi . So by Theorem 2.4(ii) the divisors on X 
mapping to H form a family with dimension at most d. Hence, in view of 
Proposition 3.3(iii), the inverse image in P(F) of the point in P(F’) 
defined by (H, N) has dimension at most d. Therefore P(F 1 y-l(N)) 
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has dimension at most d + r because P(F’ j N) has dimension at most r. 
Consequently, y-l(N) has dimension at most d. 
Remark 3.5. In (Theorem 3.4(ii)) the fiber y-l(N) is isomorphic to Gzd 
if N meets M, ,..., Me and contains exactly d of them, say, Ni ,..., Nr . 
The isomorphism is obtained by fixing a point in the fiber. The point 
determines an r-dimensional linear system on X, which is carried divisor 
by divisor linearly onto another one by the action of an element of 
r{r,,...,+,) (f*O;,/O,*) = GEd(k). 
It is not hard to develop formal proofs of these statements (see Remark 2.3 
and the proof of Theorem 2.4(ii)). 
4. T-SPECIAL SUBSCHEMES THAT ARE NOT DIVISORS 
LEMMA 4.1. Let X be a projective scheme over a locally noetherian 
base scheme S. Let F and G be coherent O,-Modules, F flat over S. Let 
u: G --+ F be an O,-homomorphism. Then there exists a (unique) closed 
subscheme Z,(u) of S f o zeros of u; that is, a morphism T -+ S factors 
through Z,(u) if and only s.f the relation uT = 0 holds. 
Proof. Apply Lemma 1.2(iii). The map u: G -+ F corresponds to 
a map v: H(G, F) -+ OS . The image of v is an ideal and defines a closed 
subscheme of S. This subscheme has the desired property because the 
correspondence between u and v commutes with any base change 
T -+ S and uT is zero if and only if vT is. 
PROPOSITION 4.2. Let X be a projective scheme over a locally noetherian 
base scheme S. Let A be a coherent Ox-Algebra, and set C = Hom,(A, 0,). 
Assume (a) the formation of C commutes with base change, (b) the dual 
c: C + 0, of the structure map Ox + A is injective, and (c) the sheaf 
Coker(c) is pat over S. Then there exists a natural closed subscheme Y of 
Hilbt,i,, parameterizing the flat, closed subschemes of X whose ideals are 
A-Modules. 
Proof. Let W denote the universal subscheme on X x Hilb(,,,) . 
Consider the natural map, 
w: I(W) -+ Coker(c)imb , 
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arising from the inclusion of I(W) into OXXHilb . Since Coker(c) is flat, 
w has a closed subscheme 2 of Hilbc,,,, of zeros by Lemma 4.1. 
The hypotheses imply that there is an exact sequence on X x 2, 
0 4 Hom(Az , Oxxz) + Oxrz -+ Coker(c). -+ 0. 
Hence, since wz is zero, there is a natural (injective) map, 
Following it with the map induced by the natural map from O,+, onto 
OwxHilbZ yields a map, 
This map corresponds to a map, 
Since W x Hilb 2 is flat over 2, the last map has a closed subscheme 
Y of 2 of zeros by Lemma 4.1. 
Let V be a flat, closed subscheme of X x T, where T is a locally 
noetherian S-scheme. Clearly I(V) is an A,-Module if and only if (I) 
I(Y) is contained in the ideal Hom(A, , Or,,) of 0,x, and (2) the 
corresponding map, 
I(V) @AT-+ 0” 
is zero. Clearly condition (1) holds if and only if the map T---t Hilbc,,,, 
inducing V from W factors through 2. Assume (1) holds. Then clearly 
(2) holds if and only if the map T--t 2 factors through Y. Thus Y 
parameterizes the subschemes of X whose ideals are A-Modules. 
LEMMA 4.3. Let X be a scheme over a base scheme S and A be an 
Ox-Algebra. Set C = Homox(A, 0,). Assume that C is an invertible 
A-Module and that the dual C -+ 0, of the structure map 0, -+ A is 
injective (it will be thought of as an inclusion). Then: 
(i) The assignment J k C . J gives a well-de$ned bzjection from 
the set of ideals J of A onto the set of ideals I of 0, that are A-Modules. 
(ii) Assume the formation of C commutes with base change and the 
map C -+ 0, remains injective after base change. Then the assignment 
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JF+ C * J of (i) commutes with base change in the sense expressed by the 
formula, 
CT. (30X,,) = cc ’ 3) OXxT for T/S. 
(iii) Let J be an ideal of A. Then there is a canonical exact sequence, 
0 -+ C @*(A/J) + Ox/C . J + Ox/C -+ 0. 
(iv) Assume 0,/C is flat over S. Let J be an ideal of A. Then A/J 
ispat over S if and only if 0,/C * J is. 
(v) Let J be an ideal of A. Then there is a canonical isomorphism. 
How(J, A) = Homox(C * 3, OX>. 
Proof. (i) Let J be an ideal of A. Then C * J lies in C and C lies 
in Ox . So C * ] is an ideal of Ox that is an A-Module. 
Let I be an ideal of 0, that is an A-Module. Then clearly I lies in C. 
Tensoring the inclusion map I --+ C by C-l over A yields an injective 
map C-l @A I -+ A. Its image is an ideal J of A. 
The assignments, J I+ C * J and I I-+ Im(C-i 0, I), are mutually 
inverse because C * J is equal to C 0, J since C is invertible. 
(ii) The assertion is obvious. 
(iii) Since C QA (A/J) is equal to C,‘C * J, the assertion is obvious. 
(iv) The assertion results immediately from (iii) since C is in- 
vertible. 
(v) &,(J, A) = gA(C - J, C) (C is invertible 
= Hom,(C * J, sUx(A, Or)) (definition of C) 
= Homox(C * J, 0,) (a general fact). 
PROPOSITION 4.4. Let f: X -+ X be a finite birational morphism of 
projective schemes over a locally noetherian base scheme S. Set A = f*O,t 
and C = gox(A, 0,). Assume (a) C is an invertible A-Module and 
its formation commutes with base change, (b) the dual C---t Ox of the 
comorphism 0, -+ A is injective, and (c) the sheaf 0,/C is flat over S. 
(i) There is a natural isomorphism from Hilbt,*,,, onto the closed 
subscheme Y of Hilb cxls) parameterizing the jlat, closed subschemes of X 
whose ideals are A-Modules. It carries a family w’ of JEat, closed subschemes 
of X’jS parameterixed by an S-scheme T onto the family W of flat, closed 
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subschemes of X/S parameterized by T whose ideal is given by the formula, 
I(W) = c, *f*I(W). 
(ii) Let P’(n) be a Hilbert polynomial, set 
P(n) = P’(n) + xwx/ckQ>~ 
and fix r > 0. Then the isomorphism in (i) restricts to an isomorphism from 
[Hilbp;!;“,‘,]” onto Y n [Hilb$J,]r. 
Proof. (i) Note that Y exists by Proposition 4.2. Now, since f is 
affine, f* effects an equivalence of the categories of O,l-Modules and 
A-Modules. Consequently, by virtue of Lemma 4.3(i, ii, iv), the map 
described in (i) is a well-defined isomorphism. 
(ii) The assertion follows from Lemma 4.3(iii, v). 
LEMMA 4.5. Let 0 be the local ring of a node on an irreducible curve 
over aJield k. Let A denote the normalization of 0. Let I be an ideal of 0. 
Then either I is principal or else I is an A-module. 
Proof. (D’Souza [6, Lemma 1.4, p. 471). Since A is a P.I.D., there 
is an f E I such that fA is equal to IA. Then the relation f0 C I C fA 
holds. It follows that either I is equal to f0 or else to fA because 
dim,(A/O) is equal to 1. 
THEOREM 4.6. Let X be a projective curve over afield k. Let f: X’ -+ X 
be a map resolving some singular reduced points of X. Set A = f*O,f , 
set C = -+(A, O,), and set 6 = dimJ(O,/C). Fix integers n, r > 0. 
(i) There is a natural closed embedding, 
[Hilb&,,J ---f [Hilb;“,:s,,]‘. 
(ii) Suppose the resolved singularities are all nodes. Then a point 
w of [Hilb~&]’ lies in the image of [Hilb” (x,,k,]r under the natural embedding 
if and only 2f it represents a subscheme W of W Q k(w) that is not principal 
at any of the resolved nodes. 
Proof. The dual C + OX of the comorphism 0, + A is bijective 
off the resolved points. So, its kernel is supported at them. However, 
there C is torsion free because Or is. Hence C + Or is injective. More- 
over, C is an invertible A-Module because, as is easy to see, it is iso- 
morphic to A off the resolved points and at them its stalks are isomorphic 
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to ideals in the stalks of A, which are P.I.D.‘s. The formation of C 
commutes with base change and the sheaf 0,/C is flat because the base 
is a field. Therefore Proposition 4.4(ii) implies that there is a natural 
closed embedding as asserted in (i), and that a point w of the target lies 
in the image if and only if it represents a subscheme W of Y @ k(w) 
whose ideal is an A-Module. If the resolved singularities are nodes, 
I(W) is an A-Module if and only if it is not principal at any of them, 
by Lemma 4.5. 
5. MAIN RESULTS 
THEOREM 5.1. Let k be a field. Assume the conjecture stated in the 
introduction holds over k. Let X be a rational (integral) projective curve 
with g nodes over k. Assume the nodes are in general position. Fix integers 
n, r >, 0. Then [Hilb&,,,]’ has dimension < T + r with T = 
(r + l)(n - r) - rg. 
Proof. The assertion results immediately from (5.la) and (5.lb) 
below. 
(5.14 PiGJ r has dimension < T + r. 
Proof. Let X’ denote the normalization of X, embed it in [Fo” as the 
n-ic, and let M1 ,..., MB denote the secant lines to X’ determined by 
theg nodes of X. The hypothesis implies M, ,..., MB are general secants. 
Hence the conjecture stated in the introduction implies the scheme Ii, 
parameterizing the [n - r - l]-planes meeting Mi ,..., M, and con- 
taining at least d of them has dimension at most (r + l)(n - r) - 
r(g - d) - 2(r + I)d. Therefore Theorem 3.4(ii) implies by induction 
and, in its notation, that under the natural map y from Grass,+,(E 1 P,) 
into Grass,fi-,-1([lD71) the inverse image of R, has dimension at most 
7 - (r + 1)d. Since the image of Grass,+,(E 1 P,) is equal to R, by 
Theorem 3.4(i), the dimension of Grass,+,(E ( P,) is at most T. Con- 
sequently, Proposition 3.2(iii) implies [Div;lrlkJr has dimension at most 
7 + r. 
(5.lb) [Hilb~“,,,~J’ - Divyx,k) has dimension 7 + r - 1. 
Proof. Construct X,i’ by normalizing X at the ith node. By Theorem 
4.6(i, ii), there is a natural closed embedding of each [HilbT<f,,,]’ into 
[Hilb;“,,,,]’ and the union of their images is the whole complement of 
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Divyxjk, . We may assume by induction on n or g that [Hilbl$,J has 
dimension, 
(r + l)(n - 1 - r) - r(g - 1) + r = 7 + r - 1. 
Thus the assertion holds. 
LEMMA 5.2. Let k be a field. Assume the conjecture stated in the 
introduction holds over k. Then there exists an extension field K of k and a 
smooth, connected, projective curve X over K such that [Hilb~~,,,~ has 
dimension < 7 + r with 7 = (r + l)(n - r) - rg. 
Proof. Construct a rational integral projective curve X0 with g nodes 
in general position over the algebraic closure of k. Construct a flat, 
projective family deforming X,, into a smooth, connected curve X over 
a suitable extension K of k (the deformation theory involved is discussed 
in [5, Sect.l]). By Theorem 5.1, the dimension of [Hilb&Jr is ,< 7 + Y. 
So, by upper semicontinuity of dimension, Proposition 1.4, the dimension 
of [HilbT-,,k,]r is < 7 + r. 
THEOREM 5.3. Let k be an algebraically closed field. Assume the 
conjecture stated in the introduction holds over k. Then most smooth, 
connected projective curves X of genus g over k are such that each component 
of [Hilb;“,,,$ has dimension exactly 7 + Y with 7 = (r + l)(n - Y) - rg; 
in particular, one exists. In fact, these curves are parameterixed by an open, 
dense subset of the moduli space J$ . 
Proof. Consider the family of tricanonicalfy embedded curves; it is 
smooth and projective over an irreducible parameter space HgD, and its 
members include every smooth, connected curve over k (see [S, Sect, 31. 
By upper semicontinuity of dimension, Proposition 1.4, the members 
X such that [Hilb” cxIK,y has dimension at most r + Y, where K is the 
base field of X, are paremeterized by an open subset U of IQ0 _ By 
Theorem 1.5(i) or (ii), each component of [Hilb&,,,]’ for each such X has 
dimension exactly 7 + r because HilbT-,,,, is irreducible with dimension 
n being isomorphic to the n-fold symmetric product [7, Sect. 6; 22; 121. 
By Lemma 5.2, the open set U is nonempty, and so dense. Finally, let 
h: HBo -+ J$~ denote the natural map. It is smooth and surjective (see 
[5, Sect. I]. Obviously U is equal to h-IhO: Hence hU is open and dense 
in A$~ . 
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APPENDIX 
Dan Laksov 
The purpose of the first part of this Appendix is to prove that the 
second part of the conjecture of the introduction follows from the first 
part. In the second part of the Appendix we prove the conjecture when 
r = 1. Moreover, when r = 1, g = 2(n - 1) and the characteristic 
is zero, we prove that the subset T of the conjecture consists of exactly 
N= d (g - n + l)! (g - n + 2)! 
= w - l))! 
(n - I)! n! 
simple points. 
Then, by Theorem 5.3, most smooth connected projective curves X 
of genus g are such that each component of [Hilb&,]l has dimension 
exactly 2(n - 1) - g + 1. In particular, since such components exists, 
we obtain a new proof of the existence of special divisors in the case 
r = 1. Moreover, when g = 2(n - I) and the characteristic is zero, it 
follows immediately, from the techniques used in the proofs of 
Theorems 5.1 and 5.3, that there are, on most smooth projective connect- 
ed curves of genus g, at least N distinct divisor classes g,l of degree n and 
projective dimension at least one. However, it is known ([6], 
[3, Corollary to Theorem 3, p. 151, or [7, Proposition 4, p. 1681, which is 
valid in all characteristics) that there are exactly N such divisor classes 
when counted with multiplicity. Consequently, on a general curve there 
are exactly N distinct divisor classes g,l each with multiplicity one. This 
result was first asserted by Castelnuovo [l, Sect. 3, p. 681. 
Note that even in characteristic zero it is not true that the divisor 
classes g,l are all distinct. Indeed, on a general curve of genus four there 
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are, by the above result, two distinct divisor classes gal. However, let X 
be the intersection in P3 of a quadric cone F whose base is a nonsingular 
conic and a general cubic hypersurface. Then by Bertini’s theorem X 
is a nonsingular curve, and it is of degree six by Bezout’s theorem. 
Hence, by the genus formula for a complete intersection [14, Chap. IV, 
Sect. 2-7, formula (18), p. 731 X has genus four. The hyperplanes in P3 
induce on X a linear system of projective dimension three and of degree 
six. Hence the embedding of X in P3 is the canonical embedding. Let D 
be a divisor on C belonging to a g, l. Then there are at least two inde- 
pendent differentials w1 and wa on C vanishing on D. Corresponding 
to wr and wa there are two independent planes L, and L, in P3 containing 
the divisor D. The line I of intersection of the two planes contains the 
divisor D and hence intersects the quadric cone F in at least three points. 
Consequently, 1 must be one of the generators of the cone F. Thus the 
divisors of C belonging to any g31 correspond to the generators of F. 
Consequently, they are all linearly equivalent and there is only one g,l. 
Part 1 
Let C be a smooth rational curve of degree n in P”, not contained in 
any hyperplane. 
LEMMA 1. Let PO , PI ,..., P, be t points of C. If distinct, they span 
a linear space of dimension min(n, t). 
Proof. Suppose that the points span a linear space L of dimension 
s < min(n, t). Since C is not contained in any hyperplane of P, we can 
inductively choose a point Qi+r of C outside the linear space Li spanned 
by L and Qi , Qa ,..., Qi for i = l,..., n - s - 1. Then the hyperplane 
L n-s-l intersects C in at least (n + t - s) > n distinct points, namely, 
P 0 ,“‘> P,l Ql ,..., Q+-r . This is impossible by Bezout’s theorem. 
LEMMA 2. Let X be an irreducible curve in P” of degree at most n and 
not contained in any hyperplane. Then X is a smooth, rational curve of 
degree n in Pn. 
Proof. The case r = 1 is trivial. We proceed by induction on n. 
Choose a point P on the curve X, and consider the projection of IF* to 
P-l with center P. Denote by X’ the image of the curve X and by n’ 
its degree. Let H’ be a hyperplane in P-l which intersects X’ in n’ 
simple points Q1 ,..., Qn , that are images of points P, ,..., P,* on X 
different from P. Then the hyperplane H in IFD” determined by P and H’ 
I-SPECIAL SUBSCHEMES AND SEVERI’S ARGUMENT 25 
intersects X in the points P, PI ,..., P,l . Since X is of degree at most n, 
we must have (n’ + 1) 5 n. By induction, therefore, X’ is a smooth, 
rational curve of degree n’ = (n - 1) in P-l. 
By hypothesis, the degree of X is at most n. On the other hand, the 
hyperplane H intersects Xin exactly the n = n’ + 1 points P, PI ,..., P,, . 
Hence X has degree n in P and the points appear with multiplicity one. 
Therefore, P is a nonsingular point of X. Since P was chosen arbitrarily, 
X is smooth. 
Finally, the fiber over the point Q1 of the morphism rr from X to X’ 
induced by the projection clearly consists of the point PI alone. More- 
over, it is easily verified that the multiplicity of the fiber at P, is bounded 
by the intersection multiplicity of X and H at PI and thus equal to one. 
Consequently, the morphism r is birational. Hence, X is a rational 
curve since x’ is. 
LEMMA 3. Denote by G(n - r - 1, n) the grassmannian of 
[n - r - l]-planes in IFDn. Let L be a t-plane in P”. Then there is a natural 
isomorphism between the closed subscheme of G(n - r - 1, n) represent- 
ing the [n - r - l]-planes containing L and the grassmannian 
G(n - t - r - 1, n - t). 
Proof. The definition of the natural morphism as well as the verifica- 
tion of the assertion of Lemma 3 are obvious. 
THEOREM 4. Assume that the [n - r - II-planes in pn intersecting 
g general secants of the curve C are parameterized by a closed subset of 
G(rz - r - 1, n) of dimension at most T = (r + l)(n - r) - rg. Then 
the [n - r - II-planes in pn which in addition contain d or more of the 
secants are parameterized by a closed subset of dimension at most 
7 - (Y + 2)d. 
Proof. Notice that for 2d > (n - r), the conclusion holds even 
without the hypothesis. Indeed, this inequality implies 7 - d(r + 2) < 
r(d - g), and consequently T - d(r + 2) < 0. On the other hand, 
choose d secants to C which pass through at least 2d different points of C. 
Then by Lemma 1 a linear space that contains the d secants must have 
dimension at least (2d - 1). Since (2d - 1) > (n - r - l), there is 
consequently no [n - r - l]-plane containing the d secants. 
We may thus assume 2d 5 (n - r). Choose 2d different points on the 
curve and divide them into d pairs. Denote by L the linear space spanned 
by the 2d points and by s1 ,..., sd the d secants determined by the d pairs 
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of points. By Lemma 1, L is of dimension (2d - 1). Consider the 
projection from Pl” to IFDn--Pd with center L and denote by C’ the image of 
C. By Lemma 3 there is a natural isomorphism between the space 
parameterizing the [n - r - l]-planes in P” containing the d secants 
sr ,..., sd and the grassmannian paramaterizing [n - 2d - Y - II-planes 
in pn-2d 
A [n 1 r - II-p1 ane in Pn intersecting a secant s of C which does 
not pass through L maps to a [n - 2d - r L II-plane in pneZd which 
intersects the image of s under the above projection. Conversely, let s’ 
be a secant to C’ in general position. Then clearly there are a finite 
number of secants t, ,..., t, to C which map to s’ under the projection, 
and none of these secants intersect L. An [n - 2d - r - II-plane 
intersecting s’ will correspond to an [n - r - II-plane intersecting 
all of the secants t, ,..., t, . We conclude that the [n - r - l]-planes 
containing the d secants s1 ,..., sd and intersecting (g - d) general 
secants of C depend on just as many parameters as the [n - 2d - r - l]- 
planes of IF-~~ intersecting (g - d) general secants of the curve C’. 
Assume that C’ is a rational, nonsingular curve not contained in any 
hyperplane of P n - 2d. Then by hypothesis the [n - 2d - r - l]-planes 
in EJn-2d intersecting (g - d) general secants of C’ depend on at most 
(n - 2d - r)(r + 1) - r(g - d) = T - d(r + 2) 
parameters. Consequently, the conclusion of Theorem 4 holds for the 
curve C. 
The curve C’, being a projection of the curve C, clearly is not con- 
tained in any hyperplane in P n - 2d. To prove that C’ is a rational, non- 
singular curve it is, by Lemma 2, sufficient to prove that its degree d’ 
is at most (n - 2d). Let H’ be a hyperplane intersecting C’ in d’ distinct 
points, all of which are images of points on C and not on L. Then the 
hyperplane H in P n determined by H’ and L intersects C in at least 
d’ points outside of L, and it contains the 2d points on C spanning L. 
Since C is of degree n, we have (d’ + 2d) 5 n. Thus, the theorem is proven. 
Part 2 
We shall keep the notation of Part 1. Most of this section is devoted 
to a proof of the following result. 
THEOREM 5. The [n - 2]-planes in P that intersect g general secants 
to the curve C are parameterized by a closed subset T of G(n - 2, n) of 
dimension exactly 2(n - 1) - g (empty if2(n - 1) - g < 0). 
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Assume that the ground field is of characteristic zero. Then the com- 
ponents of T all occur with multiplicity one. Moreover, when g = 2(n - I), 
then T consists of exactly 
g! 
(g - n + l)! (g - n + 2)! 
points. 
Let I be a line in P”. Denote by o(Z) the Schubert subscheme of 
G(n - 2, n) representing [n - 2]-planes intersecting 1. It is well known 
(see, e.g., [4, Remark (2.4(iv), p. 2861) that o(Z) is an irreducible hyper- 
plane section in G(n - 2, n). 
LEMMA 6. Fix a point (L) of G(n - 2, n). Then a general member of 
the family of Schubert schemes, {a(Z) 1 1 a secant to C} does not contain (L). 
Proof. It is clearly sufficient to prove that not all secants of the 
curve C pass through any given [n - 2]-plane L. However, if so, the 
curve would be contained in the hyperplane spanned by L and any point 
of c. 
The first part of Theorem 5 is an immediate consequence of Lemma 6. 
Indeed, by the lemma, we may choose inductively lines Zr , I, ,... in pn 
such that a(&) avoids a finite set of points, one on each component of the 
intersection u(ZJ n **. n u(Zs-r). Since u(&) is a hyperplane section in 
G(n - 2, n), the scheme u = ~(1~) n ... n u(Z,) has pure codimension g 
in G(n - 2, n) (empty if g > 2(n - 1)). 
In the following, we shall assume that the characteristic is zero. Denote 
by C(2) the second symmetric power of the curve C. Then the embedding 
of C in P” determines an embedding of C(2) in G( 1, n) [ 13, Proposition 1, 
p. 6251. Intuitively, the embedding sends an unordered pair of points 
(P, Q) on C to the point in G( 1, n) representing the secant line through 
P and Q (when P = Q, the secant is the tangent through P). 
Denote by W the scheme-theoretic intersection of the subscheme 
C(2) x G(n - 2, n) of G(1, n) x G(n - 2, n) with the universal sub- 
scheme of G(l, n) x G(n - 2, n) representing pairs (I, L) where I is a 
line in UDn intersecting the [n - 2]-plane L. Denote by p and Q the 
morphisms from W to C(2) and G(n - 2, n) induced by the prqjection 
of C(2) x G(n - 2, n) onto the first and second factors. 
W 
c (‘2) G(n - 2, n) 
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The points of W represent the pairs (1, L) where I is a secant line to C 
and L is an [n - 2]-plane intersecting L. Denote by W, the closed 
subscheme of W representing the pairs (1, L) where the line I is contained 
in the [n - 2]-plane L. 
LEMMA 7. Let 1 andL be a line and an [n - 2]-plane in pn. Then: 
(i) The morphism q induces an isomorphism of the jiber of p at the 
point of C(2) determining 1 onto the Schubert subscheme u(l) of G(n - 2, n). 
(ii) The morphism p induces an isomorphism of the fiber of q at the 
point of G(n - 2, ) p n re resenting L onto the intersection of the subscheme 
C(2) of G( 1, n) with the Schubert subscheme a(L) of G(1, n) (representing 
lines in P” intersecting L). 
Proof. The statements of Lemma 7 are immediate consequences of 
the corresponding well-known properties of the universal subscheme of 
G(l,n) x G(n - 2, > n re p resenting the pairs (I, L) where 1 is a line 
intersecting the [n - 2]-plane L. 
LEMMA 8. The morphism q is jut and the restriction q I( W - W,) of q 
to the open subsheme ( W - W,,) of W is generically smooth. 
Proof. The Schubert schemes a(Z) are hyperplane sections of 
G(n - 2, n); hence, W is a divisor in C(2) x G(n - 2, n). Let L be 
an [n - 2]-plane. Then the points of the fiber q-l(L) of q at the point 
representing L correspond to secants to C intersecting L. It follows 
from Lemma 6 that q-l(L) is properly contained in C(2). Since C(2) 
is integral, q-l(L) is therefore a divisor. Since the projection of 
C(2) x G(n - 2, n) onto G(n - 2, n) is flat, we conclude that its 
restriction q is flat [lo, Lecture 10, Proposition-Definition, p. 721. 
The projective linear group PGL(n + 1) operates in a natural way on 
G( 1, n). The action is transitive and an element a in PGL(n + 1) sends 
a Schubert scheme u(L) isomorphically onto the Schubert scheme o(d). 
We conclude [5, Corollary 4(ii), p. 2911 that for a general [n - 2]-plane 
L in P” the intersection of o(L) with C(2) will be smooth outside of the 
singular locus of u(L). The singular locus of u(L) is the closed subscheme 
o,(L) representing lines contained in L [9, Corollary (6.3), p. 4281. 
Moreover, by Lemma 7(ii), the intersection C(2) n (o(L) - u,(L)) is 
isomorphic to the fiber of q / (W - W,) at the point of G(n - 2, n) 
representing L. Consequently, q 1 (W - W,,) is generically smooth. 
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PROPOSITION 9. Let 2 be an irreducible subscheme of G(n - 2, n) and 
D be the subscheme of G(n - 2, n) over which the restriction q ) ( W - W,,) 
is not smooth. Then a general member of the family {o(Z) 1 I a secant to the 
curve C} intersects Z properly, and the intersection is transversal outside 
of D and of the singular Zoci of (T(Z) and 2. 
Proof. Consider the diagram 
W 2 
C(2) G(n - 2, n) 
where i is the inclusion. Since q is a flat morphism (Lemma 8) it follows 
from a general transversality result [5, Lemma l(i), p. 2881 that for 
each point (I) in an open dense subset of C(2) the fibered prod- 
uct p-r(Z) x G(n--O,n) 2 is empty or equidimensional of dimension, 
dimp-l(Z) + dim 2 - dim G(n - 2, x). By Lemma 7(i), the fibered 
product is isomorphic to the intersection a(Z) n 2 in G(n - 2, n). The 
first part of the proposition follows immediately. 
Denote by w’ the complement of the union W, u q-l(D) in W and 
by 2’ the complement of the singular locus of 2. Then we have a 
diagram 
YW\ 
2’ 
9’ i’ 
J 
cc3 G(n - 2, n) 
where p’, q’, and i’ are the morphisms induced by p, q, and i. From 
the transversality result referred to above [5, Lemma l(ii), p. 2881, it 
follows that for each point (I) in an open subset of C(2) the fibered 
product (P’F’ (4 x G(n-n,n) 2’ is smooth. By Lemma 7(i) the fibered 
product is isomorphic to the intersection (o(Z) - o,(Z)) n Z’ n 
(G(n - 2, n) - D), w h ere o,(Z) is the closed subscheme of u(Z) repre- 
senting [n - 2]-planes containing 1. The second part of the proposition 
follows, since Q(L) is the singular locus of u(L) [9, Corollary (6.3), 
p. 4281. 
We now establish the second part of Theorem 5. By Lemma 8, the 
set D of Proposition 9 is a proper subset of G(n - 2, n). Hence Proposi- 
tion 9 allows us to choose inductively secants Zr , I, ,... to the curve 
30 STEVEN L. KLEIMAN 
such that (1) a(&) * t m ersects the two schemes, u(ZJ n *.s n u(Z$-J and 
D n u(Z1) n *** n a(Zi-i), properly and (2) the intersection of u(ZJ with 
each of these schemes is smooth outside of D and their singular loci. 
Then all components of the intersection g(Zi) n **- n u(Z,) are of 
codimension g in G(n - 2, n) and occur with multiplicity one. 
Assume that g = 2(n - 1); then the intersection cr(Zi) n *a* n u(Z,) 
consists of a finite number N of points of G(n - 2, n), each with multi- 
plicity one. Consider G(n - 2, n) as a closed subscheme of the 
M = (:+:)-dimensional projective space IFP”. Then the Schubert 
schemes u(ZJ are intersections of G(n - 2, n) with certain hyperplanes 
in PM [8, Corollary 5, p. 10681. C onsequently, the number N is equal to 
the degree of the scheme G(n - 2, n). This number was determined by 
Schubert [12, formula (26), p. 1171 using Pieri’s formula. He found that 
N= g! 
(g - n + l)! (g - n + 2)l 
= Ge - 1)Y 
(n - l)! n! 
(see also [2, Vol. II, Chap. VIX, Sect. 7, formula (9), p. 3661. This 
finishes the proof of Theorem 5. 
Remark. In characteristic zero, the [n - 2]-planes in pn that inter- 
sect g general tangents to the curve C are parameterized by a closed 
subscheme T of G(n - 2, n) of dimension exactly 2(n - 1) - g (empty 
for 2(n - 1) - g < 0) and all the components of T occur with multi- 
plicity one. Indeed it is easy to prove results similar to Lemma 8 and 
Proposition 9 above, involving instead of the inclusion of C(2) in 
G(ti - 2, n), the natural inclusion of C in G(n - 2, n) which maps a 
point P of C to the point representing the tangent line to C at P. The 
crucial tool in the proof is the result that an [n - 2]-plane L in lF’% does 
not intersect an infinite number of tangents to the curve C. This can be 
seen by projecting C from the center L onto the line Pl. Then each 
tangent to the curve C which intersects L corresponds to a point of 
ramification of the projection. However, in characteristic zero, it is 
well-known that there is at most a finite number of points of ramification. 
The assumption on the characteristic is necessary. Indeed, let C be 
the twisted cubic in Pa and assume that the characteristic is two. Project 
the curve C from a point P on C onto a curve C’ in P2. Then, clearly, 
C’ is a curve of degree two in P2 and consequently is a strange curve 
[ll, Chap. II, Sect. 1, Definition, p. 461. Let P’ be a point of P2 through 
which all the tangents to C pass. Then all tangents to C will intersect 
the line in P3 through P determined by P’. Hence, moving the point P’, 
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we obtain a pencil of lines such that each member of the pencil intersects 
all the tangents to C. We conclude that the lines that intersect any g 
tangents to the curve C depend on at least one parameter, whereas, in 
characteristic zero, the number of parameters is at most zero when 
g G 4. 
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